PROJECTIVE SCHUR FUNCTIONS AS A BISPHERICAL FUNCTIONS 
ON CERTAIN HOMOGENEOUS SUPERSPACES 



ALEXANDER SERGEEV 

Abstract. I show that the projective Schur functions may be interpreted as bispherical 
functions of either the triple (c|(n), q(n)©q(n), c|(n)), where q(n) is the "odd" (queer) analog 
of the general linear Lie algebra, or the triple (pe(n), gl(n|ri), pe(n)), where pe(n) is the 
periplectic Lie superalgebra which preserves the nondegenerate odd bilinear form (either 
symmetric or skew-symmetric). Making use of this interpretation I characterize projective 
Schur functions as common cigcnfunctions of an algebra of differential operators. 



Introduction 

The ground field is C. 



1.1. In |[Scli|| I. Schur introduced projective Schur functions as characteristics of projective 



representations of symmetric groups. In ||Sel| I showed that these characteristics are actually 



characters of tensor representations of Lie superalgebra q{n) 

In Stembridge interpreted projective Schur functions as characteristics of of spherical 



functions of a certain twisted Gelfand pair (for definition see [gH)- Here I will remind 
definition of bispherical functions and demonstrate that these Stembridge's characteristics 
are precisely bispherical functions of the triple {pc{n), gl{n\n),pe{n)), where pe(n) can be 
embedded into Qi{n\n) in two different ways (corresponding to interpretation of pe(n) as the 
algebra preserving a symmetric odd bilinear form or a skew-symmetric one). 

One obtains one more realization of projective Schur functions if one considers bispherical 
functions of the triple (c|(n), q(n) ©q(n), q(n)), where q(n) can be embedded into q(n) ©q(n) 
by one of the two ways: either as the diagonal or as a "twisted diagonal" . 

Both ways to realize projective Schur functions allow one to construct an algebra of dif- 
ferential operators for which the projective Schur functions are eigenfunctions. This algebra 
appears as the algebra of radial parts of Laplace operators for the Lie superalgebra Ql{n\n) 
or q(n). 



1.2. Differential operators and projective Schur functions. Let / = {1, . . . ,n}, V an 
n-dimensional vector space, {ej}jg/ a basis of V, and {si} the dual basis of V*. If / G V*, than 
e' denotes a homomorphism S{V) — > C, where S{V) is the symmetric algebra of V. Recall 
that S{V)* can be identified with the algebra of formal power series in n indeterminates. 

On S(y)*, define a family of differential operators. Set Eij = Si — Sj for i ^ j and 

set 

\e') = /(e^e' = di{e^) for any / e V*, 
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set further 

2 



f 9,af + E .. (af-^^ - af-')) for A; odd, 



d 



(fc) _ I e^'' - e^^* ' ^ 



{di - l)af + E ( .. ^ .. af"'^ - ^^^af ) for A; even. 



Finally, for k odd, set 



It is not difficult to verify directly that 



+24 y 7 h -{Yd, 

ii{j.k) ^ ^ ^ ^ \ 1 

where {j, /c} C / is any two-element subset. 

Introduce new indeterminates: Xi — Then di — Xi^ and 



d^df-'^ + E 4^ ( af - -^)) for k odd, 

^(fc) ^ ^ j^i - ^ ^ 

(a. - Daf-" + E ( J^e" - •) f-^-n. 

We have 

+24 y / 2 ^^2v!2_^2N i^ii^^j - 4)9i - Xj{x\ - xl)dj + Xk{x''i - X^j)dk) 
For i — 1, . . . ,n and any k, define differential operators d^''^ and d^''^ by setting 

d^'^ = a = = a = a 



and 



g2 «J -I- Q2 1' 



* — ^ g2^'3 — g2^J'» 



Set further 
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1.2.1. Lemma . The algebra Q generated by operators Qk for k = 1,3,5, .. . coincides with 
the algebra generated by operators for k = 1,2,3,4, ... . 

1.2.2. Let xi, . . . , Xn, t be indeterminates. Introduce polynomials qk{xi, . . . , Xn) from equa- 
tion 

Further, set 

I 

Qk,i = QkQi + 2 qk+pQi-p. 
p=i 

Wc sec that Q(k,o) = Qk ^-nd Qk,i — —Qi,k for /c + / > 0. If A = (Ai, . . . , A^) is a strict 
partition, i.e., Ai > A2 > . . . > A^ > 0, then {Pf is the Pfaffian of the skew-symmetric 
matrix ) 

Q.(.:.....x„) = |^^««') (1.2.8) 
[Q{\,o) if m IS odd. 

— J — I , then 

n n 

i) 5-'n,s = z^f-{E^^r. 

1 1 

ii) The polynomials Q\ are common eigenf unctions of the operators flk for k = 1,3,5, 

iii) Let P{xi, . . . ,Xn) be polynomial symmetric with respect to Xi, . . . ,Xn and such that 
after substitution Xi — t, Xj — —t it becomes independent oft. If P is an eigenfunction of 
all the operators D.^, k — 1, 3, 5, ... , then, up to a scalar multiple, P coinsides with one of 
the Qx- 

1.3. Bispherical functions. Let g be a finite dimensional Lie superalgebra. Its enveloping 
algebra U (g) possesses a canonical antiautomorphism t : u *u which extends the principal 
antiautomorphism of g given by the formula t{x) = —x for any a; G g as follows: 

\uv) = (-i)p("W'') \vy{u). 

Convention . For brevity, when it can not cause misunderstanding I sometimes write (—1)" 
instead of (-l)^'^"). So (-1)"+^ = is not the same as (-1)p(«+i). 

The left and right coregular representations of C/(g) are defined for any I e U{q)* and 
v,u & U (g) by the formulas 

{L*{u)l){v) = i-inu'-v) and {R*{u)l){v) = {-l)''^^+''h{vu) . 

Let bi and 62 be subalgebras of g. A functional I e U{q)* is called two-side invariant if 

l{xiu) — l{ux2) — for any xi e bi, X2 G 62 and u & U{q). 

Let be a g-module containing a nonzero b2-invariant vector v & V; suppose also that 
there exists a bi-invariant vector v* £ V*. The matrix coefficient Q{v*,v) e U{q)* defined 
by the formula 

e{v*,v){u) = for u e U{q) 

is a bispherical function associated with the triple {V,v*,v). 

Observe that if z E Z[q), then L*(z)l is two-side invariant if so is I. Therefore, on the 
space of invariant functionals, every z e Z{q) determines a linear operator ^(2) : I ^ L*{z)l. 
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1.4. In addition to the usual g-module structure on U (q), the extention of the adjoint action, 
consider the g-module structure on U{q) with respect to the following action ( ||Se4|| , ||G| ) 

x*u = xu-{-iy'^''+~^^ux. (1.4.1) 

It is easy to verify that for a finite dimensional g-module V the functional u h-* tTy{u) is 
invariant with respect to this action. 
In g © g, consider two subalgebras: 

01 = {{x, i-lfx) \ x e g} and = {(x, x) \ x E q}. 



Lemma . The algebra of junctionals on f/(g © g) biinvariant with respect to gi and Q2 is 
isomorphic to the algebra of junctionals on U{g) invariant with respect to the action (1.4.1). 



1.4.1. Convention . Let / = Jg U Ji = {1, . . . , n} U {1, . . . ,n} he the union of the "even" 
and "odd" indices. Let dimy = (n|n) and {ejjjg/ a basis of V such that the parity of each 
vector of the basis is the same as that of its index. We assume that i = i and define the odd 
operator 11 G gt(^) by setting 

n(ei) = {-ly'-'^e^, for any i G /. 

Define the parity operator P G gliV) by setting 

P{ei) = (-l)P»ei, for any i G /. 

We denote the superspace of operators in V by End(l^), the superspace of matrices (in 
the standard format with respect to the basis in which all the even vectors come first) by 
Mat(\^) and the Lie superalgebra structure in these isomorphic superspaces is denoted by 
gl{V) or by g[(diml^). 

1.4.2. Queer superalgebras q(V^). Let 

q{n) = {X e &1{V) I [X,n] = 0}. (1.4.2) 
It is easy to verify that q(n) = Span^Cij, fij | i, j G /g), where 

Cij = Ci® Cj + Ci® Cj, fij = Cj © + © e*, for any i, j G /g 

and where {e*}jg/ is the left dual of the basis {ej}jg/; we have also identified End(\^) with 
V^V*. 

Set g = q(n) ©q(?7,) and select gi and Q2 as at the beginning of sec. 1.4. Let a : q{n) — > g 
be the embedding into the first summand, f)g = Span^Ca | z G Jg) be the even part of Cartan 
subalgebra of q(n). Let us define inductively the following elements of U{q{n)): 



^13 ^^J'! JlJ J I 



l]1 



1=1 1=1 

fif=j:euft''+i-^r'j:fu^~''- 



1=1 1=1 
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The following relations are subject to straightforward verification: 





(v)^ 

4r] 






/if] 


- ^jkJil - (>ilJkj > 


[fij ) 


elf] 




[fij 5 


fif] 





:i.4.4) 



As is not difficult to verify, see ||Se3|| , the elements Zk = J2 ^ = 1, 3, 5, . . . , are central 

i=l 

ones if we embed q(n) into = q(^) © ci{n) as the first summand, i.e., strictly speaking, I 
mean not Zk but a{zk) G ^^(fl)- 

Let {ejjjg/g be the basis of [)o dual to {ej}ig/g. Let A = (Ai, . . . , Am) be a strict partition of 
k, i.e., Ai > A2 > . . . > Am > 0. Let V'^ be an irreducible submodule of V'^'' corresponding to 
A, see |^el|| . Then the g-module = V'^®{V^) is irreducible and contains a unique even 02- 
invariant vector ti^^ corresponding to the identity operator under identification (S> (V"'^)* = 
End(y^). The dual module (V^'^)* ® is also irreducible and contains an even gi-invariant 
vector uj^ corresponding to the parity operator P under identification {V^)*^V^ = End(l^^). 

1.5. Theorem . Let q{n) be embedded into q = q{n) © q{n) as the first summand. Then 

i) Each two-side invariant with respect to Qi and Q2 functional on g is uniquely determined 
by its restriction onto 5'(()o) C c\{n). 

ii) Every z G Z{q{n)) uniquely determines a differential operator on the space of 
restrictions of left-invariant functional S'(f)o)**™- 

iii) ^(zk) = for z = z^. 

iv) Let (fx = ©(^^A'^a)- Then the restriction of ipx onto 5'(()o) coincides up to a scalar 
multiple with QaI^^S • • • , e^") 

1.6. Let g = g[(dimV^), where dim V = {n\n). Let / = Jq U Ii, where Iq = {1, . . . ,n} and 
Jj = {1, . . . , n}. Let {ci} be a basis of V such that the parity of each vector coincides with 
that of its index. Denote by pti{n) and pC2(n) the Lie subsuperalgebras in g preserving the 
respective tensors: 

Let ipi and 1^2 be involutive antiautomorphisms of g that single out pCi{n) and pC2{n), 
respectively, i.e., 

pe^ = {X e Qliv) I i/j,{X) = -X} for i = 1, 2. 
It is easy to see that the restrictions of ipi and ■?/'2 onto gg coincide. Set 

(3+ = {x G Pi I iJi{x) = M^) = X}, 

where f) is Cartan subalgebra in g. 

Let A be a partition and V'^ the corresponding g-submodule in the tensor algebra of the 
identity representation, see ||Sel| . 



It follows from ||Se4|] that, (in Frobenius's notations |[Ma|| ) 

contains a pc^^-invariant vector if A = (ai, . . . , + 1, . . . , + 1) 

and 



contains a pe2-invariant vactor if A = (ai + 1, . . . , ctp + l|ai, . . . , Op). 
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Similarly, 

{V^y contains a pc^-invariant vactor if A = (ai + 1, . . . , + l|ai, . . . , Op) 

and 

{V^y contains a peg-invariant vactor if A = (ai, . . . , ap\ai + 1, . . . , + 1). 

Now, let A = («! + 1,... ,ap + 1|q;i,... ,ap), let G {V'^y be a pe;^-invariant vector, 
vx € (V'^) be a peg-invariant vector, and let ipx = Q{vl,vx) be the corresponding bispherical 
function. In f)"*", select the basis {e^ = ^{ea + V'i(eii)) | i G Jq} and let Ei be the left dual 
vectors. 

Let Cij be the basis of matrix units in gliV). Set 

It is easy to verify that 

This easily implies that Zk = X] ^j?"* ^ ^(fl)- 

1.7. Theorem . i) Each two-sided invariant with respect to pe^ and peg functional on U{g) 
is uniquely determined by its restriction onto S{i)~^). 

ii) Every z G Z{g) uniquely determines a differential operator fl(^z) on the space S'(P)+)* of 
restrictions of invariant functionals. 

iii) If z = Zk, then = Qk- 

iv) The functional (fx coincides, up to a scalar multiple, with Qx{e^^, ... , e"^*). 

§2. The algebra dual to the enveloping algebra 

In this section we follow Dixmier's book [pix|| applied mutatis mutandis to Lie superalge- 
bras. 

2.1. Let g be a Lie superalgebra. We endow U^q)* with a coalgebra structure by setting 

c : g — ''U{g)^U{g), c{x) = x ® 1 + 1 ® x for any x G g, 

so that *c(a;) = c{^x) where the first t is the principal antiautomorphism of the superalgebra 
U{g) ® ulg) = f/(g © g), see sec. 1.3. 

2.2. Lemma . Let dimg = {n\m). Then f/(g)* is isomorphic to the supercommutative 
superalgebra of formal power series in n even and m odd indeterminates. 

Proof Let go = Span{ei, . . . ,6^), gi = Span{ei, . . . ,ern), Jo = {1, • • • ,n}, Ij = {1, . . . ,m}. 
Denote: 



M = {u = (z/i, . . . ,Un,iyi, . . . ,iJrn) \ i^i E Z>o if i G Jq and z/j G {0, 1} if z G Ii}. 



For u e M, set 



m 



and let ti, . . . ,tn,ti, . . . ,tjnhe the set of even and odd supercommuting indeterminates. The 
correspondence 



f/(g)*9L^^L(e.)t^...t^X"---C 
determines the homomorphism desired. □ 
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2.3. Left and right coregular representations. For any u,v E U{q) and L e U{g)* set 

{L*{u)L){v) = (-l)"-^L(*ii^;) and {R*{u)L){v) = (-1)"(^+")LM. 

The following statements are easy to verify: 

i) u — )• L*{u) is a representation of U{g) in U{q)* (we call it the left regular one); 

ii) u — > R*{u) is a representation of U{g) in f/(0)* (we call it the right regular one); 

iii) If X G 0, then L*{x) and R*{x) arc supcrdiffcrcntiations of the algebra t^(0)*. 
Observe also that algebra U{q)* possesses an automorphism 

L^L^ : L^{u) = L{^u) for any u e [/(g), L e [/(fl)*. 

2.4. Matrix coefRcients. Let ^ be a g-module, V* the dual module, let w G V and 
V* G V*. Let TT : q — > sK^) be the corresponding representation. Denote by Q'^{v*,v) the 
linear form on U{<q)*: 

Q%v\v){u) = (-l)"V(7r(«)v). (2.4.1) 

Finally, denote by C{7i) (or C{V)) the subalgebra in U{q)* generated by Q'^{v*,v) for all 
V* G V* and v eV. 

2.4.1. Lemma . 

Proof. We have 

^ (_l)(«i+«2)(^'i+^2)y* ^;*(7ri(Ml) ® 7r2(M2)(^^l ® ^^2)) 

^ (_l){«l+«2)(^^l+^;2)+^;l«2+«^{«l+^;l)^;*(7rl(^^l)^;l)^;*(7^2(^^2)^^2) 
= e'^i(v^'yi) ® e'^2(v^^'y2)(Mi 0^2) 

^ (_i)wi(^2+»;^)e7ri (Mi)e^2 (^y*^ (M2) 

^ (_l)«i{^'2+«5)+W«i+^;2«2^*(7ri(wi)T;i)T;^(7r2(w2)^^2). 

□ 

2.4.2. Lemma . The map V* 0V — > U (g) g'Zf en hy v* ®v ^ Q'^{v*, v) is a q® Q-module 
homomorphism; here we consider U{q)* as a g ® Q-module with respect to the left and right 
coregular representations. IfVis irreducible, the above map is an isomorphism. 

Proof. Clearly, there exists a linear map (p : V*®V — > U (g)* such that (p{v*®v) = Q{v*, v). 
Let X e Q. Then 

(f {{x ® l){v* ® v)) (m) = ip{xv* ® v){u) = 
e{xv*,v){u) = (-1)''"(ot*)(m) = (-1)''"+1+^^*'U*(X'U). 
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On the other hand, 



L*{x)ip{v*,v){u) 



Further, 



<f{{mx){v*^v)){u) = {-iy'''ip{v*mv){u) = {-iy''*e{v*,xv){u) = {-iy''*+'''-''+''^v*{uxv). 

On the other hand, 

R*{x)cp{v* v){u) = {-lfi^*+^+»)cp{v* ® v){ux) = {-iy(^*+^+^)e{v* ® v){ux) = 



2.4.3. Lemma . Let p he the tensor product of representations tti and 1:2- Then 



i) ep{vi®vivi®v2) = i-iy'''*^e'''{vt,vi)e'''{v*,v2). 

ii) C(p)=C(7ri)C(7r2). 

iii) If ir is finite dimensional, then {Q'^{v*,v))^ = {—l)""*Q''*{v,v*). 
Proof, i) 

{-iy^-2^e-^{v*,vi)e''%v*,v2mu) = {-iy^-He-^{v*,vi)^e-^{v*,v2mc{u)) 



This proves the first statement. The second one is obvious. 



□ 



{-l)e'''®''^{vl^vlvi^V2){C{u)) 



ef{vl®V2,Vi®V2){u). 




e''{v*,v){*u) 



(-l)™w*(7r(*M)(w)). 



On the other hand. 



Q''*{v,v*yu) 



iy*''v{7r*{u)v*) 



l)''*"+^("+''')(7^*(M)^;*)(^;) 




□ 
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2.4.4. Lemma . Let V be a Q-module. Consider the map 

^p:V* ®V ®V — > U{q)* 

If we consider V* ®V ®V* ®V — (y* ®V)® {V* ®V) as a Q-module in such a way 
that the first two factors is one g-module and the last two ones is the other module, then ip 
is a Q® Q-module homomorphism. (Recall that we consider U{q)* as a q (B Q-module with 
respect to the simultaneous left and right coregular representations.) 

Proof. Let x E Q. Then 

(fi{{x l){vl (S) vi <S) V2 <S> V2)) = ifiiixvl <S)Vi + (g) xvi) (S)V2<S> V2)) 

^ {-iy*2i^+^i)+^*2Vi+{^+K>^(Q(vivi)fe{xvi,v2)+ 

= (-l)^i*''2*+''>i+^>iL*(x)(e(^;2*,^;i)feK,^;2)+ 
(_l)"r4+''2w+^^i+^K*+'^i)(e(y*,y^))rL*(a;)e(a;Wi*,W2) 

= L*{x)ip{vl (g) (g) ^2 <8) V2). 
The identity 

ip{{l (g) x){vl (g) i^i (g) ® V2)) — R*{x)(p{vl (g) (g) 1)2 <g) V2) 
is similarly verified. □ 

2.4.5. Lemma . Let V be a finite dimensional g-module, {vi}i^i its basis, {v*}^^/ the left 
dual basis of V* . Then 

i 

where v eV, v* eV* and £ e [/(g)* is the counit. 

Proof. The functional e is uniquely, up ot a scalar multiple, characterized by its invariance 
with respect to the right coregular representation. Further, 

is an invariant of the 0-module V* (g) V. Hence, by Lemma 2.4.4, 

is an invariant with respect to the right coregular representation on U{q), i.e., (p is an 
invariant functional on U{q). Hence, ip{u! (g) (g) = ae. 
On the other hand, 

ip{u i^v* i^v) = Z](-1)*VK* <g) ■fi <g) ■y* <g) ■y) = 
Z{e{v*,Vi)f-Q{v*,v). 



10 ALEXANDER SERGEEV 

Hence, 

i 

To find a, let us substitute u = 1 into both parts of the identity. We obtain: 

a = ae{l) = 5^((e(t;*, t;.)f ■ e(t;*,t;)(l) = J2v*{v.)v*{v) = v*{v). 

□ 

Let g = g/(V^) and let 21 be the subalgebra in U{g)* generated by C{V) and C{V*). 
It is not difficult to verify that 21 is invariant with respect to the left and right coregular 
representations. 

§3. BiSPHERICAL FUNCTIONS AND RADIAL PARTS OF LAPLACE OPERATORS FOR THE 

TRIPLE (q(n), q{n) © q{n), q{n)) 

3.1. Let Q = q(n), let Z{q) be the center of U{g) and i) = Span^eu, fjj \ i,j E Iq) the Cartan 
subalgebra (for definition of Cjj and fij see sec. 1.4.2). Let /i G f)g and M(yu) the coresponding 
Verma module with the highest weight with respect to the decomposition g = n_ © [) © n+, 
where n_ = Span{eij, fij \ i > j) and n+ = Span{eij , fij) \ i < j), see ||Se4|| , [Q. Such 
module M(/i) has a central character, i.e., there exists a homomorphism 

X^i '■ Z{g) — > C, zv = ^ ^(/^) -2 G Z{q). 

Let Ei be the left dual vector to en. Set R'^ = {Si — Ej \ i < j} and 

B{fi) = {u \ u = \ — ^^nQ,a for any ria G Z>o, where a G R^, and Xj/ = X^}- 

3.2. Lemma . Let L{fi) be an irreducible module with highest weight fi. Then 

chL(/i) = J2 C^^chM{iy) (3.2.1) 

ueB{n) 

where for any fixed t G f)g only a finite number of summands in the right hand side contains 
T as a weight. 

Proof. Let ai, . . . , be a base (system of simple roots) in the root system R. Set 

n—l n— 1 

/it(i/) = ki for any z/ = /x — /cjOj. 
1 i=i 

By induction on t we prove that 

m{t) 

chL(/i) = chM(z/) + ^ chV^i (3.2.2) 

u£B{^i), ht{u)<t i=l 

for any r G Supp chV^, htij) > t, xv^ = X^l Supp chVi C -B(/i). 
Let t = 0. Then we obtain an exact sequence 

— >N — > M{i2) — > L{i2) — > 

with C © M{n)y. Therefore, ht{v) > and chL(/i) = chM(/i) — ch(A^); moreover, 

Supp chA^ C B{iJ,). 

Let (3.2.2) hold. Consider the set htiy), where v G Supp chV^ and let k be the least element 
of this set. Clearly, k > t. There exists then a finite number of vectors v\, . . . ,v\ &Vi with 
weights /iij, . . . , fih such that ht^fiu) = ht{fi2i) ■ ■ ■ = k. For all the other weights i/ of we 
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have ht{i') > k > t + 1. The vectors ^i, . . . ,vl are, obviously, the highest weight ones, so we 
have an exact sequence 

— >N — ^ © M{nji) — >Vi — >K — ^ 0. (3.2.3) 

This imphes: 

I 

chVi = J2 chM(/Xji) + chK - chN 

and if 1/ e Supp chK U Supp chA^, then ht{u) >t+l. This proves (3.2.2). 

Let z/ G [)g be any weight. Set t — ht{u); apply (3.2.2) to see that u ^ USupp chVi. This 
proves (3.2.1). □ 

3.3. Lemma . Let zz = Yli^u (^^^ 1A.2) and let v^j, he the highest weight vector of the 
g-module M{ii). Then 

Proof. First, observe that 

j=l j=l i<j i<j 

+ X] ^ij^ji ~^ S fijfji "I" X] ^ii^ii + X] fiifii 
i>j i>j 

But, as is easy to verify, e\fvfj, = f-fvfj, = 0. Therefore, 





(Ee 






(2) 




f 








(2) 





Further, it is easy to verify that 



(2) / 2 



2 /ifc J and /^^v^ = 0. 

k>i / 



Hence, ^31;^ = (^ /xf - (^ /Xi)^)v^. □ 

a/2 , -a/2 

3.4. Corollary . Let 6 = U (see 1A.2) and let = E^f - (E^i)^ ^^^e^e 

a^e' = i(ei)e^ T/ien fl^S-^ = an(i (E^f)<^"^ = 0. 

Proof. Let us prove a more general statement; namely, let (p^ be the character of an irre- 
ducible 0-module with highest weight /i. Then 

5~^^p^ is an eigenfunction of Jig with eigenvalue ^^A*i — (^^A*i)^- 

Indeed, by Lemma 3.2 
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By multiplying both parts of the inequality by 6'^ we obtain 

<^~v^= Yl (3.4.1) 

If 2; G ^'(g), then zv^ — x^(2;)^;^. Since v e B{ii), it follows that Xi^i^) — Xv{^)- But by 
Lemma 3.3 

So for = E 5f - (E we have 

^^3^"V^= E ^ic,,e^^)= E c'^.(E^^f-(E^.f)e'^ 
= (E/^f-(E/^0')<^-V.- 

In particular, applying this statement to the trivial module we obtain QgJ"^ = 0, implying 

(E 9f ) * = 0. □ 

3.5. Proof of heading i) of Lemma 1.2.3. Let R — {si — Sj | i 7^ j} and it!+ = {e^ — Ej \ 
i < j}. Set = + e~2°^ and A~ — ea" — e~2" for any a E R. Then 

We also set 

= 2. aTA^' = 2. (ATp' ®' = A+A-A+AI ^^'^-^^ 

where the last sum runs over the two-element subsets of i?"*". It is not difficult to verify that 
one can express the operator ^3 = ^3-1- (E^j)^ the form 

^3 = Y.^! + QY.^idi-QY. ^^^^ + 24 ^ (3.5.2) 
It is easy to verify that 5~^di5 — di — 2(pi; hence, 

S-^df6 ^df- A<pidi + Acpf - 2di{<pi) (3.5.3) 

6-'d^6 = df- Qifid^i + 3(4992 _ 2d,{ifi))di - Siff - 2df{^i) + Uifidiiif^) (3.5.4) 
Therefore, 

6-'n6 = EJ9,f + (249, - 6^, - 12(^1 - 6a,(<^,))a, 
+ (16v9f - 2df{ipi) - ASQiipi + I2^m)]- 
Direct calculations show that 

240, - - I2ip'l - 6di(^i) = 0. 

Hence, 

s-'Cis = J29f + f- 

But, = 0, so 

But due to Corollary 3.4, (E df){S-^) = 0; hence, fS-^ = and / = 0. □ 
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3.6. Lemma . Let q, Qi, 02 be selected as in sec. 1.4, let I be the left ideal in f/(g © q) 
generated by 02 (ind M = U{qQ) Let a : — > Q Q) Q be the embedding into the first 
summand, i.e., <y{x) = {x, 0). Let a : U{g) — > M be the map induced by the homomorphism 
U{q) — > U{gQ) q) that extends a and p{x) = (x, (— l)'*a;) an isomorphism of q with Qi. 
Then a{x * u) = p{x)a{u). 

Proof. 

a(x * u) = a{xu — {—ly^'^^^^ux) = xu 1 — {—l)^^'^^^^ux ® 1 
= xu® 1 — {—l)^^'^^^'^ux (S) 1 — p{x)a{u) + p{x)a{u) 
= p{x)a{u) +XU01- {-l)'-'^''+~^'>ux0l 

-{x (g) 1 + (-1)^1 ® (g) 1) 
= p{x)a{u) - {-iy-^'-''+^\ux (g) 1 + u (g) x) 

p{x)a{u) - ® 1)(x ® 1 + 1 ® x) 

= (mod/) p{x)a{u). 

□ 

3.6.1. Statement of Lemma 1.4 is true. This is a direct corollary of Lemma 3.6. 

3.7. Proof of heading i) of Theorem 1.5. Due to ||Se4|] and [0 we have an isomorphism 
of 0-modules with respect to the action (1.4.1): 

t/(0)^lnds^(^(0o)). 

Therefore, there exists a bijection between the space of 0-invariant with respect to the action 
(1.4.1) functionals on U{q) and the space of 0o-invariant functionals on U{qq). Moreover, 
any 0-invariant functional is uniquely determined by its restriction onto U{qq). On the other 
hand, every 0o-invariant functional is uniquely determined by its restriction onto f/(f)o) = 
S{i)-o). □ 

3.8. Let / G (f/(0)*)3 and ipi the generating function of its restriction onto S{[)q), i.e., 

.'") = E(^;jFf^'r'^^c. (3.8,1) 

On 5'([)o)*, define the following operators by setting for any / G 5'(f)o): 

{dfhm = /(effV), (5f 0(/) = HflPf), (3.8.2) 
(Difm = /(e.,eW/), (Alf /)(/) = L(/,,/jJV). (3.8.3) 



3.8.1. Lemma. Leta = ei — ej. Then 

ii) ASf = ^(5f + i-ir'dl'^). 

iii) l{f ■ M^) = Kfef) for k odd. 

iv) /(/ ■ fiiflt^) = Ofork even. 
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Proof, i) and ii) are similarly proved. Consider i): 

{Dl^h){f) = l{fe.,ef) = L{e.,f{h + a{h))ef = l{f{h + a{h))ef e,,) 

= l{f{h + «(/.))e,,e«) - l{f{h + a(/.))[e,,, ej.f ]) 
= (e-D^^m - Kfih + «(/.))(e;f - efh) 



= (e'^ A, -e°(9f-9f ))(/)(/). 

This proves i). 
iii) We have 

f - ^ ( f . f'^^h — f..f. _ f . f.. 

Jii ^ \J J a ) J II J J a J J a J II 

— f(f..f'-^^ - f^'^h..] — fiof-.f'^^'i - f('')n — Off... f('') _ 9p(^)f 

~J\JiiJii Jii Jii) — J K'^JiiJii [JiijJii \) ~ '^J Jii Jii ^^ii J 

or f ■ fa - fii'^ = ^fii * (/ ■ fii'') + f ■ e-f''. This proves iii). Heading iv) is similar. □ 
3.8.2. Corollary . Heading iii) of Theorem 1.5 is true. 

3.9. Proof of heading iv) of Theorem 1.5. Let = Span{vp), where the Vp form a 
basis of V'^, let the v* form the left dual basis; set i^a = S "^p ® "^p; ^rid ux = J^'^p ^ "^p- 
If g is embedded into g © g as the first summand, and u E U{g), then 

fx{u ® 1) = e^, ujx){u ® 1) = ujliu ® l{ujx)) 

= ^*xC^uVp(^v;) = ^v;{uvp) =tr{u). 

In other words, the matrix coefficient 6'^(a;^,a;A) coincides with the functional tryA(M) after 
restriction onto U{g). But due to ||Sel|| we have, up to a scalar multiple. 



tTvAbo = Qxie'\... ,e'-). □ 

3.10. Proof of headings ii) and iii) of Lemma 1.2.3. Heading ii) immediately follows 
from our proof of Corollary 3.4. Let us prove iii). It is not difficult to see that the algebra Q 
generated by all the Qk, A; = 1, 3, 5, . . . , is the image of Z{q{n)) under the homomorphism 

r : Z{q{n)) Q, r{z)Qx = f{z){X)Qx, 

where (p is the Harish-Chandra homomorphism, see | |!Se3| ] . Therefore, statement of heading 
iii) can be reformulated as follows: 

Let Rn he the algebra of polynomials r{ti, ... , t„) symmetric with respect to {ti, . . . , in) 
and which do not depend on s after substitution ti = s, tj = —s. Define an Rn-action on 
the algebra generated by Q\ by setting 

r*Qx = r{\)Qx. 

If P is an eigenvector for Rn and belongs to the subalgebra generated by Q\, then P coincides, 
up to a scalar multiple, with one of the Q\. 

Indeed, let P = XIaga^-^'^a, where A is the set of partitions of length < n. Since 
r * P = C{r)P it follows that r(A) = const for any A G A. Let A,/i G A and X ^ fi; then 
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r(A) = r(/i) for any r e Rn- Hence, 

n t — K _ TT t — Hj 
t + Xi~ ^^t + fXj' 

We may assume that A, > and fj,i > for all i and j. Then the identity 

implies Y[{t — Xi) — Y[{t — A*j), hence, X — /i. Contradiction. □ 

§4. BiSPHERICAL FUNCTIONS AND THE RADIAL PARTS OF LAPLACE OPERATORS FOR 

THE TRIPLE (pc(n), pe(n)) 

4.1. Let V be an (n|n)-dimensional superspace, I — IqU Ii — {1, . . . , n} U {1, . . . , n}, the 
union of the even and odd indices, see sec. 1.4.1. Let {ej}jg/ be the basis of V consisting of 
vectors whose parity is equal to that of their indices and be the basis fo Mat(\^) 

consisting of matrix units, cf. sec. 1.4.2. 

The supertransposition antiautomorphism in gl{V) is in these terms of the form 

e*^. = (-i)f»(fO-)+i)e... (4.1.1) 
Define two antiautomorphisms ipi and ip2 by setting 

^^(x) = (-l)^n(a;*)n and t/^s = P^iP. (4.1.2) 
Direct calculations show that 

Me^J) = (-l)^(^)(^«+^)e,^, Me^J) = (-l)^«W^)+^)e,^ (4.1.3) 
Define two Lie subsuperalgebras of gl{V): 

pt^{V) - {x e Ql{V) I V'i(x) = -x} (AAA) 

and 

pt^iV) = {xe 0[(\/) I M^) = -^}- (4.1.5) 
Observe that ijji{x) = ip2{x) if p{x) = and ipi{x) = —ip2{x) if p{x) = 1. Therefore, 



where 



qKV)q ={xE 0[(\/)o I M^) = -^}, 
0[(\/)-- = {xe Qi{V)i I Mx) = -x}, 

9KV)± = {xeQl{V)i\ ij,{x)^x}. 



For every x e Qi{V), set 



1 1 

x+ = -(x + '0i(a;)), X ^ -(x -ijjiix)). 

Also set 

[)+ = Span{el \ 

4.2. Lemma . For f G >S'(l)^) and a = Si — Sj set 

R-jf^l[f{h-a{h))-f{h + a{h))], 
Rtjf^W(h-c^{h)) + f{h + a{h))]. 
Then the following identities hold: 
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ii) R-jfe,,e^ (RT^ - R^)f ■ [e", ej.?] G pc,U{g) + UiQ)pt, if p{i) + p{j) = 0. 

iii) i?,ye,,e(? - - i?-.)/ ■ [e+, ej?] G pe^^lg) + ^/(fljpe^ + p(j) = 1. 

iv) [e^,e(?] = i[er-eg)] ^/p(^)+p(j) = 0. 



2' 

v) [e+ = i[e;? + e«] ./I ^ j anc/p(i) +p{j) = 1. 
vii) [et ef]=Ozfp« = 0. 

Proof is reduced to a direct verification. □ 
4.3. Proof of heading i) of Theorem 1.7. It suffices to prove that U{q) — S{\\'^) + 

Indeed, any element of U (g) can be represented in the form 

u = Uq + Uiu'qU2, where Ml e M2 G [/(flf), Mq, G ^/(go)- 

Therefore, we may assume that 

where / G -S'(f)+), and 6+^, . . . , G go fhe weight vectors. 

Now, induction on k. Ii k — 1, then R'-fel^ — e~/ — R^jf^ij by Lemma 4.2.i). Hence, 
/ej G 0g C/(0o)0g ■ Let A; > 1. Then 

R' f e+ e+ = f e+ e+ - i?+ fe" e+ 



(mod flg U{s)So ) 



4.4. Proof of Lemma 1.2.1. Set 

Now, it is not difficuh to verify the following identities: 

Af - Af-^)+ = d,At'^- + y .. (AS'-^^- - Af-^)-), (4.4.1) 



Af = {d, - 1) Af + V f Af - Af-^)+^ . (4.4.2) 

Further, if A^^^^ = /,.(af \ . . . , 0^-'') and Af = /,,^i(a«, . . . , '=^^)), where 
and /2jk+i are any linear functions, then 

f2k+l = f2k + f2k-i{df\ . . . .df^^^^), (AA'W 

f - f ^ f o(2fc-l)x v4-4.^j 

/2A; — /2A;-1 + j2k-2\Oi , . . . , Cj J. 

It is easy to verify that 

= 2O1 = O2, = 2O3 + 2O1, = 4^3 + 2O1 
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and, by induction, (4.4.3) implies that Qk is a linear combination of the fl2i+i for 21 + 1 < k. 
One can show that, the other way round, ^2^+1 can be expressed via Clk. □ 

4.5. Proof of headings ii), iii) of Theorem 1.5. Statement of heading ii) is obvious. 
Heading iii) follows from Lemma 4.2 and the fact that Zk = XliG/^i?^- 

4.6. Proof of heading iv) of Theorem 1.5. It is easy to verify that O* = ^ e* ® e| is a 



pCj^-invariant whereas G = ^ Cj (8> is a peg-invariant. According to ||Se2|| the linear hull of 

i&I 

all the pe^-invariants in ^®2fc jg isomorphic to 



lndHl''ie)= © S^, (4.6.1) 

A=(ai+1,... ,ap+l\ai,... ,ap) 



where Hk = &k° '^2 is the semidirect product, and /i((0*)®'') = e(/i)(0*)®'' for any h G Hk. 

Similarly, the module of all the pCg-invariants in y®^^ is of the form (4.6.1). This implies 
that 

where e\ is the minimal idempotent in the Hecke algebra H{(52k, H2k,£) corresponding to 
partition A, see [Pt| . 

If 0" G ©2fc, then the map 

a ^ ip^, where ip^{u) = (-l)5'=('=-^)e*^'=((TMe®^), 

satisfies 

Vhiahi = e{hih2)ipa foT any hi, h2 G Hk. 

Therefore, we obtain a map H{&2k, Hk,e) — > f/(g)**™. By restricting this map onto S'(P)o) 
we obtain a map 

ch:H{&2k,Hk,e)^S{i)-or. (4.6.2) 

Let K = KiU K2, where Ki = {1, . . . , 2ki}, K2 = {2ki + 1, . . . ,2ki + 2k2] and let ai 
permute the elements of Ki whereas (T2 permutes the elements ofiiTg; let a = a\a2- Now, one 
can verify that 

ch(cria-2) = ch(cri)ch(cr2). 
Let now k be odd and cr = (1, . . . , 2A;) a cycle. Let us calculate ch(cr). We have 

e^'= = 5^e^, e*«'= = J]e;, (4.6.3) 

where the sums run over all the maps : {1, . . . , 2A;} {1, . . . , n, 1, . . . , n} such that 
-0(2^) = ^{2i — 1) for z = 1, . . . , /c and where = e^^^^ ® . . . ® e^^^k) is similarly 

defined. Therefore, 

ch(a)(M) = (-l)^^-('=-i)e*®'=(M J]aev,), 

where in the sum one has to take into account only the summands for which oi\} possesses 
the same property as il) does, i.e., '^{2%) = ip{2i — 1). Therefore, we may assume that 



= ij{2) = 7/;(3) = ^(4) = . . . = '^{2k - 1) = ip{2k). 
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i.e., = (cj ei)'^^ for z G {1, . . . , ra, 1, . . . , n}. But for such ip and u G 5'(f)o) we have 
ch{a)iu) = (-l)5'=('=-i)e*^'=(ME.e/C^(ei®ej)^'=) 

Hence, ch((T) = 2 ^"^^ 2e'^'^\ Therefore, if a = 0",^^ . . . cri^^ is the product of independent 
cycles of odd lengths, then 

n 

ch{a) = 2'(")P„ where = P,, . . . P,^ and Pi = Y^ e''\ 

1=1 

We see that the map (4.6.2) coincides with the characteristic map Stembridge constructed 
in p. 85. Therefore, by Theorem 5.2 from we have 

ch(eA) = eA(e^\...,e^")-2"-^W-(7A, 
where g\ is the number of shifted standard tableaux of shape A. □ 
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